Abstract. We exhibit different examples of minimal sets for an IFS of homeomorphisms with rotation number equal to 0. It is proved that these examples are, from a topological point of view, the unique possible cases.
Introduction.
Let f : S 1 → S 1 be a homeomorphism. A minimal set for f is an f -invariant closed set that is minimal (in the sense of inclusion).
Taking into account the rotation number of a homeomorphism f : S 1 → S 1 there exist three possibilities:
(1) f has a finite orbit i.e. there exists a finite minimal set, (2) S 1 is minimal for f , (3) there is a unique minimal set that is a Cantor set. This trichotomy can be extended to actions of groups of homeomorphisms on the circle (see for example [N] ):
Let G be a subgroup of homeomorphisms of S 1 . Then one of these three possibilities occur:
(1) there exists a finite orbit of G, (2) S 1 is minimal for G, (3) there is a unique minimal set that is a Cantor set. The aim of this paper is describe any minimal set for the action of a finitely generated semigroup.
Given n maps f 1 , ..., f n , f i : S 1 → S 1 , let IF S(f 1 , ..., f n ) be the set of finite composition of f i , that is any finite "word" of f 1 , ...., f n . For any x ∈ S 1 we define orbit of x as O(x) = {φ(x) : φ ∈ IF S(f 1 , ..., f n )}. A set M ⊂ S 1 is invariant if f i (M ) ⊂ M for any i = 1, ..., n. It is obvious that φ(M ) ⊂ M for any φ ∈ IF S(f 1 , ..., f n ). A non-empty set M is minimal, when it is closed, invariant and O(x) = M for any x ∈ M .
An IF S can have infinite many minimal sets and it is possible that φ −1 (M ) = M for an element of the family. This is a big difference with the case of a group action. There, any minimal set is invariant for the future and for the past. The aim of this paper is to describe the minimal sets of IF S, studied from a topological point of view, and to give examples of any possible case. We will construct examples where the rotation number of any generator is 0, so that some examples could be C 1 -robust. Several authors have constructed examples of minimal sets of IF S. In [BR] sufficient conditions are given for an IF S generated by two elements that are close to rotation so that S 1 is a minimal set. In fact, Duminy (see [N] , section 3.3) has proved that if f, g are diffeomorphisms C 2 -close to identity, the minimal set for IF S(f, g) is S
1 .
In [S] sufficient conditions are given for an IF S generated by two elements with overlap and rotation number 0 so that the minimal set is a Cantor set. These construction are important tools for the construction of our examples.
If M ⊂ S 1 is a closed set, we call I the set of connected components of the interior of M , int (M ) , and K the maximal Cantor set included in M \ int (M ) . We will prove that we can write M as the disjoint union of I, K and N , where N is a countable set.
In [BR] is proven a trichotomy for a minimal set of an IF S: it is finite, it is a Cantor set or it has non-empty interior. We will improve this result proving the following (
From this theorem we have that unique cases for I, K and N that are not possible are the following:
(1) K = I = ∅ and N is an infinite set.
(2) I = ∅, K = ∅ and N = ∅.
Note that a particular case of M = I ∪ N , is realized when M is an union of disjoint intervals (finite or infinite).
We will exhibit examples (see section 5) to show that any case of Theorem 1.1 can be realized and we will prove that the remaining cases are not possible.
When M = I ∪ K (see example 7), then M is a symmetric Cantorval (see definition 2.5). This sets were studied in [GN] and [MO] and we use definition given by Z. Nitecki (see [Ni] ). We prove in Proposition 1 that this is the unique case where M is a symmetric Cantorval.
Examples given by Denjoy show that it is possible that a Cantor set is a minimal set for a diffeomorphism. Then, it is a natural question if any Cantor set is minimal for a diffeomorphism. As any two Cantor sets are "C 0 -homeomorphic" then by conjugating a Denjoy's example, it is easy to prove that any Cantor set is a minimal set for a C 0 -homeomophism. A homeomorphism of class C 2 can not have a Cantor minimal set. Herman [H] , McDuff [M] , Kercheval [K1] , Kra [KS] and Portela [P] proved that there exist Cantor sets ( for example the usual triadic set) such that are not minimal sets for C 1 diffeomorphism. We will see in Subsection 4.1(example (1)) , that the usual triadic set is minimal for IF S(f, g) where f y g are C ∞ , then it is natural to ask if any Cantor set is minimal for an IF S where any element is of class C 1 ? A more general question is the following:
Given a closed set M = I ∪ K ∪ N different of (1), (2) In this section we will give a topological description of closed sets and we will prove lemmas that will be used in the proof of the main Theorem
Recall that a set is called perfect if it is closed and any point is an accumulate one. Note that any perfect set is uncountable. Given a set M ⊂ S 1 , we denote M ′ the set of accumulate points. 
Proof. Let B(x, ε) the ball of center x and radius ε > 0. Let
It is easy to see that K is closed and totally disconnected since M is. To prove that K is a Cantor we have to prove that K ′ = K. For that, it is enough to show that M \ K is countable. Let y ∈ M \ K then there exists ε > 0 such that B(y, ε) ∩ M is countable. Let U y be an open interval with rational end points and y ∈ U y ⊂ B(y, ε) then
Since the number of U y is countable and U y ∩ M is countable, it follows that M \ K is countable. K is maximal since if there exists a Cantor set K 1 , with K K 1 then K 1 \K is uncountable, therefore M \K is uncountable, which is a contradiction. Proof. In the case that int(M ) = ∅ we have two possibilities: If M is countable, the statement is obvious; if M is uncountable, by Lemma 2.1, we have that M = K ∪N . In the case that int(M ) = ∅, let I be the union of the interior of the non-trivial connected components of M . Then M \ I is closed and int(M \ I) = ∅. Therefore by the previous case we have that M = I ∪ K ∪ N , so we have showed the existence. The unicity is a consequence of the definition of I and because K is maximal in M \ I.
From now on, we consider IF S(f 1 , ..., f n ) where f i :
is an open interval or S 1 and M is a minimal set for the family. Next lemma is a consequence of the fact that any perfect set is uncountable.
M is a perfect set and it follows that it is uncountable. Then, the case I = K = ∅ and N with infinite many points is not possible.
Lemma 2.4. Suppose that a minimal set has finitely many non-trivial connected components, then the minimal set is such a union.
Proof. Let I 1 , ..., I n be the non-trivial connected components of M . Since any f i is open, then f i (I j ) is an interval for any i and j. Therefore,
Let us introduce the following Definition 2.5. A symmetric Cantorval is a nonempty compact subset M of S 1 (or the real line) such that:
(1) M is the closure of its interior (i.e., the nontrivial components are dense) (2) Both endpoints of any nontrivial component of M are accumulation points of trivial (i.e., one-point) components of M .
Example 7 of section 5 shows that a minimal set can be a symmetric Cantorval.
We will prove that B(x 0 , ε) ∩ N is a perfect set. It is obvious that it is closed. Given z ∈ B(x 0 , ε) ∩ N as M is a symmetric Cantorval , by Remark 2, there exist
Therefore it is uncountable and this is a contradiction. 
M is a symmetric Cantorval if and only if
Then M is the closure of its interior. As ∂I ⊂ K and K is a Cantor set then both endpoints of any nontrivial component of M are accumulation points of trivial components of M .
First part of the Proof of Theorem 1.1
This proof has 2 steps. In the first one we will prove that the following cases are not possible. In the second one we will construct examples of the remaining cases. These examples will be shown in Section 5.
As a consequence of the previous lemmas, the following cases can not occur:
• K = I = ∅ and N with infinite many points. Because of M would be countable and this fact is not possible by Lemma 2.3.
• I = ∅ and K = ∅, N = ∅. Since I = ∅, any f i is open and K is a maximal Cantor set, then f i (K) ⊂ K for any i. So, for any φ in IFS we have that φ(K) ⊂ K. Therefore M ⊂ K, which is a contradiction.
On the other hand, for x ∈ K there exists φ in IFS such that φ(x) ∈ T . Then φ(K) ∩ T is uncountable, which is a contradiction.
4. Tools for example's construction. We will use the following IFS and functions for the construction of the examples.
4.1. Examples of IFS with Cantor minimal set. In this section we will construct IFS with Cantor minimal set.
( 
Cantor set ( the usual triadic set). It is easy to see that K is a minimal set for IF S(f, g). Later we will use the following properties:
(2) Next example is in [S] . Given two intervals I and I, with I I, we consider intervals I −1 , I 0 , I 1 and the maps f y g as in Figure 1 (b). These maps verify that:
Cantor set and it is minimal for IF S(f, g).
As in the Example (1), following properties are satisfied:
From now on, we write {f K,I , g K,I } when IFS generated by f and g has minimal set K ⊂ I, which is a Cantor set, f and g are the identity map in I c and verifies properties (a) and (b) as above. (3 ; for any 
Notice that for a big enough n ∈ N, IF S((T + )
) is in similar conditions than example (1) of section 4.1, therefore it has a Cantor minimal set. It is obvious that any minimal set of IF S((T
). Therefore the minimal set of IF S((T + )
) and
) are different from a topological point of view.
4.3. Map to consider. Given three intervals J, J ′ and I with J ′ J and J ∩I = ∅. Let h be a homeomorphism such that h| J ′ = Id h(J c ) ⊂ I. We will denote h by h J ′ ,J,I .
Example's Construction.
In this section we construct seven examples to prove Theorem 1.1. Example 1. M = K (minimal set that is a Cantor set) or M is a finite set. We consider the following examples:
(1) Let IF S(f K,I , g K,I ) as in subsection 4.1 examples (1) y (2).
(2) Let g be a Denjoy homeomorphism and we consider IF S(g). It is clear that both examples have a Cantor minimal set. The difference between (1) y (2) is that example (1) can be constructed C ∞ and the generators of the IFS have 0 rotation number. In (2) the map g can be C 1+α with α < 1 and the rotation number of g is irrational. In (2) the minimal is unique but this is not true for example (1).
Let f be a homeomorphism with fixed points. It is obvious that the family IF S(f ) has a finite minimal set.
These are examples if item (1) of Theorem 1.1.
Examples with int(M ) = ∅. Example 2. M = S 1 . It is easy to find examples where the generators have irrational rotation number, but our aim is to exhibit examples of IFS with generators having 0 rotation numbers.
Let I ⊂ S 1 be an interval, and let I ′ and J intervals such that
The minimal set M for this IFS is M = S 1 . To show this, let x ∈ S 1 . If
From the previous case we have O(x) = S 1 . Example 3. M = I ∪ K ∪ N (a Cantor set union intervals union countable points). In this case we have ∂I = N .
).
We will prove that the minimal set for this IFS is
We begin by proving that . If x ∈ φ(I ′ ), the proof is analogous that in case x ∈ I ′ . Now, we are going to prove that any x ∈ M has dense orbit in M . Let y ∈ M and U a neighborhood of y we will show that there exists
) with φ(x) ∈ U . First we take x ∈ K.
′ (x) ∈ U . If y ∈ φ(I ′ ) the proof is analogous. Now we take x ∈ I ′ . If y ∈ K, then by property (b) of example (1) in Section 4.1, there exists φ ∈ IF S(f K,I 0 , g K,I 0 ) such that φ(x) ∈ U . If y ∈ I ′ then there is φ ∈ IF S(T
) such that φ(x) ∈ U . If y ∈ φ(I ′ ), we consider
′ (x) ∈ I ′ , and the proof is the same that case x ∈ I ′ .
Example 4. M = K ∪ I ∪ N (a Cantor set union intervals union countable points). In this case we have N ∂I.
, and ϕ as in Figure 3 , with
Let I 1 such that I 1 ⊂ I 1 and ϕ(I 1 )
Let us denote F = IF S(f K,I 0 , g K,I 0 ) Then the minimal set is
The proof of minimality of M is analogous of above examples. We consider
. We will prove that the minimal set for this IFS is
We begin by proving that
The proof is analogous that in case x ∈ I. Now, we are going to prove that any x ∈ M has dense orbit in M . Let y ∈ M and U a neighborhood of y, we will show that there exists φ ∈ IF S(T
, ) with φ(x) ∈ U . First we take x ∈ I 0 . If y ∈ I 0 , it is clear that there exists φ ∈ IF S(T
′ (x) ∈ U . In the reaming cases the proof is analogous.
Example 6. We consider S 1 as the interval [0, 1] identifying 0 with 1. M = I ∪ N where ∂I ∪ {0} = N . (countable union of intervals union a finite number of points.
Let ψ as in Figure 3 (b) . Let I such that I ∩ ψ(I) = ∅, therefore it holds that ψ n (I) → 1 (1 = 0) . Let J such that J ∩ ψ n (I) = ∅, for any n ≥ 0 and let J ′ ⊂ J. Consider I ′ ⊂ I and
). It is easy to show that
Example 7. M = I ∪ K with ∂I ⊂ K. (symmetric Cantorval). Next lemma will be used in the construction of this example. 
Proof. Let I i0 be an interval of {I n } with maximal length and we choose J j0 in an analogous way. Let ψ : I i0 → J j0 any increasing homeomorphism. Among all the elements of {I Proceeding inductively we obtain ψ : Now we will prove that ψ :
) is uniformly continuous. Suppose by contradiction that there exist {x n }, {y n } and ε 0 > 0 such that d(x n , y n ) < 1/n and d(ψ(x n ), ψ(y n )) > ε 0 . Without loss of generality we can assume that x n < y n , x n , y n → x 0 ∈ [a, b] and x n and y n are in different connected components of (
). So, if n is big enough, x n and y n are in different connected components of
≤ y n and x n , y n → x 0 we obtain a contradiction.
, by continuity and we are done. 
Now we will construct the example 7. Given an interval I ⊂ S 1 , we consider an interval I ′ I. Let f, g and h linear functions with angular coefficient 1/5 in I ′ (as Figure 6 (a) ) and such that
Remark 3. We make the following observations regarding the family F 1 = IF S(f, g, h):
• If J ⊂ I ′ is a connected component of K c then J = φ(I 0 ) or J = φ(I 1 ) with φ ∈ F 1 , where I 0 and I 1 are as Figure 6 (a).
• If J 0 = φ 0 (I 0 ) and J 1 = φ 1 (I 1 ) with φ 0 , φ 1 ∈ F 1 then J 0 ∩ J 1 = ∅.
Therefore the set of connected components of K c is the union of {I n } and {J n }, where I n = φ 0 (I 0 ) for some φ 0 ∈ F 1 and J n = φ 1 (I 1 ) for some φ 1 ∈ F 1 . Moreover {∂I n : n ∈ N} = {∂J n : n ∈ N} = K.
• The set K ∪ (∪ φ∈F1 φ(I 0 )) is not connected neither is a Cantor set. 
